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Ch.8 Alun Wyn-jones

Chapter .
Irreducibles, Primes, and Ideals of circN(Z).

This chapter develops a theory of factorization of the integer circulants, circ
N
(Z). Divisibility is normally

studied in domains, but there is no intrinsic reason why we cannot ask the question whether factorization into
irreducibiles is possible in general commutative rings. Even if divisors of zero pose difficulties, we can avoid
such ring elements. But, at least in the case of the integer circulants, there is a well-defined factorization
possible in all cases.

A theory of factorization is typically applied to number theory, and this is one possible application of
factorization of integer circulants.

Although this chapter is focused on the integer circulants, circulants over other rings are also discussed
where it seems opportune.

. General Results
Propositions .. and .. which follow are taken from Kaplansky [Kap] where they were proved for

general commutative rings with identity. In fact, they apply to commutative semigroups with identity since
they do not require the existence of ring addition. The importance of these propositions in the present
context is that they show the intimate connection between the unit group of a ring and its prime and
maximal ideals. This chapter complements the previous whose emphasis was the units of circN(Z).

.. Definition Let R be a commutative ring with identity. If S ⊂ R is multiplicatively closed and
has the property that every divisor of an element of S is also in S, then S is said to be multiplicatively
saturated.

.. Proposition Let R be as above and let S ⊂ R. S is multiplicatively saturated iff R − S is a
union of prime ideals.

Proof. Suppose first that R − S is a union of prime ideals. xy ∈ R − S iff xy ∈ P for some prime ideal
P iff x or y∈P by the primality of P . Now apply de Morgan’s law to derive the complementary equivalence:
xy ∈ S iff x, y ∈ S. That is, S is multiplicatively saturated.

The converse follows reversing the above proof starting with the definition of multiplicatively saturated.
�

.. Proposition Let R be as above. Then, U (R) is multiplicatively saturated and its complement
is the union of all maximal ideals.

Proof. Let U = U (R). U is obviously multiplicatively closed and if xy∈U then ∃z s.t. xyz = 1. ... x−1 =
yz, and y−1 = zx. ... x, y ∈ U . ... U is saturated.

No ideal can intersect U . Therefore, we can apply Zorn’s lemma and take the prime ideals of Lemma
.. as maximal. �

By Proposition .., the unit group of circ(Z) is all those whose determinant is ±1, and the unit group
of circ(F ) where F is a field is the set of non-singular circulant matrices. Hence,

.. Corollary Let M(R) be the set of maximal ideals in circ
N
(R). Then,

⋃

M(Z) = {a∈circN(Z) `
det(a) 6= ±1}, and if F is a field, then

⋃

M(F ) = {a ∈ circN(Z) ` det(a) = 0}. �

One of the most useful concepts in ring theory is that of a Noetherian ring. A commutative ring is said
to be Noetherian if every ascending chain of ideals is finite. That is if I1 ⊂ I2 ⊂ · · · ⊂ Ii ⊂ · · · are ideals
then Ii = In for all i ≥ n for some n. It can be shown that a ring is Noetherian iff every ideal in the ring
is finitely generated. A ring which contains only principal ideals is called a principal ideal or a P.I. ring. A
P.I. ring is trivially Noetherian. Hence, the integers are Noetherian, and so is any field. The next theorem
and the proposition which follows provide many more examples of Noetherian rings.
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.. The Hilbert Basis Theorem If R is Noetherian then so is R[x].

Proof. See Kaplansky [Kap2]. �

.. Proposition Ring epimorphisms map P.I. rings to P.I. rings, and map Noetherian rings to
Noetherian rings.

Proof. Let α : A → B be a ring epimorphism. Let J be an ideal in B and let I = α−1(J). First assume
that A is a P.I. ring. Then, I is an ideal and so is principal, I = Ac, say. Therefore, J = α(A)α(c) = Bα(c)
and is a principal ideal.

Now assume that A is Noetherian. Then, I is finitely generated, I = Ac1 +Ac2 + · · ·+Acn, say.

... J = α(A)α(c1) + α(A)α(c2) + · · ·+ α(A)α(cn) = Bα(c1) +Bα(c2) + · · ·+Bα(cn) �

.. Corollary If F is a field then circN(F ) is a P.I. ring.

Proof. F [x] is P.I. and ΓN : F [x]→ circ
N
(F ) is onto. �

On the other hand, it will be demonstrated in Proposition .. that circ
N
(Z) is not a P.I. ring.

.. Corollary If R is Noetherian then so is circ
N
(R). In particular, circ

N
(Z) is Noetherian. �

. A Circulant Norm
We define a norm function on integer circulants which has most of the nice properties of norms on do-

mains, and also provides the same advantages of such norms: it can be used to limit the possible factorizations
of integer circulants.

.. Definition Let c ∈ circ
N
(R). The circulant norm of c is denoted by N ◦(c), and is defined to

be the cardinality of the quotient ring circN(R)/(c).

Knowledge of the circulant norm places useful constraints on the structure of circ(R). Take for example
the case where N ◦(c) is a prime number; the quotient ring circ(R)/(c) must be a field, and the principal
ideal generated by c must be a maximal, prime ideal in circ(R). Fortunately, when R = Z there is a simple
formula for the circulant norm.

.. Theorem Let a ∈ circ(Z). Then,

N ◦(a) =

{

|∆(a)| if ∆(a) 6= 0

∞ otherwise

Proof. (This proof is similar to that commonly used for the algebraic norm.)
We first take the case where a is a non-singular circulant. Let a∈circN(Z). (Henceforth, N is assumed.)

Regard circ(Z) as a subring of circ(Q), and consider the vector space map on QN which is defined on the
standard orthonormal basis by Ta : ui 7→ aui. The importance of Ta is that it maps circ(Z) onto the ideal
acirc(Z) = (a). Also, the transformation Ta is represented by the matrix CIRC(a), as one can easily verify.
Hence, detTa = ∆(a).

Let D = {x ∈ circ(Z) ` x = a
∑

i biu
i where 0 ≤ bi < 1} ⊂ circ(Q).

Claim: D is a transversal for the cosets of (a) in circ(Z).
Proof of claim:

Since, detTa = ∆(a) 6= 0, Ta is non-singular. Therefore, {a, au, au2, . . . , auN−1} is a basis for QN . So,
given any y ∈ circ(Z),∃gi ∈Q such that

y = a

N−1
∑

i=0

giu
i = a

∑

i

{gi}ui + a
∑

i

bgicui ≡ x (mod acirc(Z)) where x ∈D
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This shows that D + (a) = circ(Z). To show that D is a transversal, we must also show that no
two elements of D are in the same (a)-coset. So, suppose that x, y ∈ D with x − y ∈ acirc(Z). Then,
x− y ∈ Ta(circ(Z)). ... x − y = Ta(z) for some integer circulant z. But, by construction of D, x, y ∈ Ta(I)
where I is the unit cube at the origin in QN having non-negative coordinates. Therefore, ∃! x′, y′∈I s.t. x′ =
T−1a x, y′ = T−1a y, and x′ − y′ = z. This means that z, a point in the lattice ZN , has coordinates which are
the difference of pairs of numbers in the interval [0, 1). This is possible only if z = 0. QED Claim

We have shown that the cardinality of circ(Z)/(a) = |D|. The number of circulants in D is the number
of integral points in D. D is the image of the unit cube under a linear transformation which maps integral
points to integral points. Therefore, the count of integral points in D is product of the number of integral
points on each coordinate of the basis {a, au, au2, . . . , auN−1} (the image under Ta of the unit basis). This
product is just the absolute value of the area of D as a subset of Euclidean RN . The absolute area of
D = |detTa| as desired.

This proves the theorem in the case when ∆(a) 6= 0.

Now suppose ∆(a) = 0. Then, the linear transformation Ta is singular, and its range will have dimension
less than N . Therefore, one intuitively sees that there must be a circulant, b, say, which has a component
orthogonal to acirc(Z). Hence, nb are distinct modulo (a) for all integers n. In fact, we can take b = 1.
That is, the scalar integers are in distinct (a)-cosets. For suppose, n1 ≡ n2 (mod (a)). Then, n = n1 − n2
is in (a). So, there exists an integer circulant a′ such that n = aa′. If n is non-zero, then a has an inverse in
circ(Q), namely, n−1a′. Contradiction. Therefore, n = 0. �

The theorem tells us a lot about circ(Z)/(a), and, of course, when ∆(a) is prime, the isomorphism class
of the quotient ring will be completely specified. This specificity can be extended to the case where |∆(a)|
is square-free because all rings of square-free order are cyclic. Hence, we have

.. Corollary Let a ∈ circ(Z). If D = |∆(a)| is non-zero and square-free, then circ(Z)/(a) ≈ ZD.
�

The proposition below shows that there is a severe constraint on ∆(a) being square-free.

.. Proposition Let a ∈ circ(Z), let D = |∆(a)|, and let the ring circ(Z)/(a) be finite with charac-
teristic c. If D is square-free then D = c.

Proof. Let A = CIRC(a). The scalar D = |∆(A)| is in the ideal (A) because (detA)I = A∗A where A∗ is
the cofactor matrix for A. Therefore, c D. The idea behind the proof is to show that if any prime p divides
D/c then p2 divides D.

Suppose p D where p is prime. Then, the rank of A over the field Zp can be at most N − 1. If it is
exactly N−1 then (recall that the determinant rank equals the matrix rank), there exists a (N−1)×(N−1)
sub-matrix with non-zero determinant mod p. That is, the cofactor matrix, A∗, is non-zero mod p. However,
we shall show below that if p (D/c) then A∗ = 0 over Zp, and this fact forces rank A ≤ N − 2 over Zp. Now
consider a reduction of A to triangular form using elementary row and column operations. Since the rank
of A mod p is at most N − 2, at least two diagonal entries will be divisible by p. That is, p2 D as required.

It remains to show that if p (D/c) then A∗ ≡ 0 (mod p).
By definition of a ring characteristic, c ≡ 0 (mod (A)). That is, there exists an integer circulant matrix

A′ such that AA′ = cI. This implies that c−1A′ = A−1 = (detA)−1A∗. Therefore, (c/D)A∗ ∈CIRC(Z) since
D = |detA|. We are given that p (D/c). Therefore, A∗ ∈ p · CIRC(Z). That is, A∗ ≡ 0 (mod p). �

. Irreducibles
Much of the remainder of the section concerns two circulant analogues of rational primes, namely, prime

ideals in an integer circulant ring and irreducible circulants. Given a ring R, r ∈R is said to be irreducible
if r is not a unit and r = xy implies that either x or y is a unit of R. As in the rational integers, the purpose
in introducing irreducibles is to factorize ring elements. The rings of current interest are the integer circulant
rings and the cyclotomic integers.
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In the integers, unique factorization is enforced by requiring (i) that the primes be positive, and (ii)
that the only unit allowed to appear in a prime factorization is a single -1, and then only if the integer is
negative. In circulants and in cyclotomic integers, there is no such simple restriction which will eliminate
redundant units in the factorization. If c is an irreducible then so is vc where v is any unit. In general, when
two ring elements a and b are related by a unit v, a = vb, then a and b are said to be associates. If we have
two factorizations of the same element into irreducibles, they shall be regarded as the same factorization
if (possibly after rearrangement) each irreducible in one factorization is an associate of the irreducible in
the other at the same position. Even with this association of factorizations, there still may not be unique
factorization into irreducibles.

The next four propositions prove simple but basic facts regarding circulant irreducibles. These proposi-
tions, and others which follow, use the concept of divisibility in a commutative ring R. The idea is essentially
the same as divisibility in Z. Given α, β ∈R, α is said to divide β, written α β, if β = γα for some γ ∈R.
Hence, α ≡ β (mod γ) means γ divides α− β. In here, R will be either circ(Z) or Z(ζ).

.. Proposition If z ∈ circ
N
(Z) is a divisor of zero then it is reducible.

Proof. Suppose zw = 0 with w 6= 0, then z = z(aw+1) for any a∈circN(Z). This shows that z is reducible
provided aw + 1 is not a unit for some a. We shall show that such an a exists,

Since w is non-zero, it must have a non-zero eigenvalue, and so λd(w) 6= 0 for some d N . Let
n = NN/d(λd(w)) 6= 0. Then, λd(w) n. Clearly, λd(w) ∈ Z(ζN/d). ... λd(w)

−1 ∈Q(ζN/d). Because λd(w) n,
we deduce that n/λd(w) ∈ Z(ζN/d).

Define β = kn/λd(w) where k is an as yet unspecified integer. Then, β ∈ Z(ζN/d). Since λ
(N/d)
1 :

circN/d(Z)→ Z(ζN/d) is onto, we can pick b∈circN/d(Z) such that λ1(b) = β. Again, Γ
N/d
N : circN→ circN/d

is onto by Proposition ..(i), so we can pick a ∈ circ
N
(Z) such that Γ

N/d
N (a) = b. By Proposition ..,

λd(a) = λ1(b) = β.
With these choices, λd(aw) = βλd(w) = kn. ... λd(aw + 1) = kn + 1. Pick k equal to the sign of n.

Then, kn+1 ≥ 2, so NN/d (λd(aw + 1)) ≥ 2. Hence, by Propositions .. and .., aw+1 is not a unit of
circ

N
(Z). �

.. Proposition Let a ∈ circ
N
(Z). If ∆(a) is prime then a is irreducible.

Proof. This follows from Proposition ... �

The converse of this lemma is false. It will be shown that the scalar prime p is irreducible in circp(Z),
whereas obviously ∆p(p) = p p is not prime.

.. Proposition Every non-singular integer circulant has a factorization into a product of irreducibles.

Proof. Let c be an arbitrary non-singular circulant. If c is irreducible, then this is its factorization.
Otherwise, c = c1c2 for some non-unit circulants c1, c2. If c1 is reducible, we split it into factors c11, c12,
and likewise we split c2 if it is reducible. We continue thus until the process stops with all factors being
irreducible. The process must stop since otherwise we will get a representation of c as an infinite product of
circulants whose determinants have absolute value greater than 1 which is impossible. �

Warning: The factorization is not always unique even to within units.

.. Proposition Let c ∈R. Then, c is irreducible iff the ideal (c) is maximally principal.

Proof. Suppose first that c is irreducible and (c) ⊂ (a) for some a∈R. Then, c = xa for some x. Since c is
irreducible, either x or a is a unit. If x is a unit, then (c) = (a). Otherwise, if a is a unit (a) = R. Therefore,
(c) is maximally principal.

Now suppose c is maximally principal, and that c = xy. Then, c ∈ (x) and c ∈ (y). By maximality,
(c) = (x) or (x) = R, and likewise for (y). If c = (x) then c and x are associates, and y must be a unit as
required. If (x) = R, then x is a unit. �
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. Primes. We shall reserve the term “prime” for ring elements which are not zero divisors and which
generate principal prime ideals. In the ring of the integers, the three concepts of irreducible, prime, and
prime ideal are equivalent: If p ∈ Z then, p is irreducible iff p is prime iff (p) is a prime ideal. It is easily
shown that a circulant prime (a non-singular generator of a prime ideal) is always irreducible. However, we
shall show that there are irreducible circulants which are not prime, and that there are principal prime ideals
whose generators are reducible. We shall introduce such prime ideals next.

.. Cyclotomic Circulants and Cyclotomic Ideals. Given any d N , let Φd(x) be the dth

cyclotomic polynomial. Call the circulant Φd(u) the d
th cyclotomic circulant. When the context is clear,

we shall abbreviate Φd(u) to Φd. By Proposition .., Φd generates a prime ideal in circ
N
(Z) since (Φd) is

the kernel of the ring homomorphism to the integral domain, Z(ζd). We shall call this ideal generated by
Φd(u) the d

th cyclotomic ideal. Since the cyclotomic ideals are prime and generated by divisors of zero,
they provide the promised examples of principal prime ideals whose generators are reducible by Proposition
...

.. Lemma A divisor of zero in circN(Q) is divisible by a cyclotomic circulant.

Proof. Suppose ab = 0 ∈ circ
N
(Q) with a, b 6= 0. Let a(x) and b(x) be the representer polyomials for a

and b respectively. Then, xN −1 a(x)b(x). Therefore a(x)b(x) is divisible by all the cyclotomic polynomials
Φd(x) where d N . These polynomials are all irreducible so either they all divide a(x), they all divide b(x),
or some divide a(x) and others divide b(x). The latter case leads to the desired conclusion. So, suppose
w.l.o.g., Φd(x) a(x) for all d N . Then, xN − 1 a(x) which implies a = a(u) = 0 contrary to assumption.
�

The lemma shows that the divisors of zero in circ
N
(Q) (and also in circ

N
(Z)) are essentially the cyclo-

tomic circulants. All other zero divisors are such because they are products involving these.

.. Corollary Let a ∈ circ
N
(Q). ∆N (a) = 0 iff a is divisible by a cyclotomic circulant. �

The next proposition shows the relationship between the zero divisors of circ
N
(Z) and its prime ideals.

.. Proposition The cyclotomic ideals in circN(Q) and circN(Z) are minimal prime ideals and all
prime ideals of circ

N
(Q) and circ

N
(Z) contain a cyclotomic ideal.

Proof. First we shall prove that every prime ideal contains some cyclotomic circulant. Let R = Q or Z.
Any prime ideal, K ⊂ circ

N
(R) is the kernel of a homomorphism α : circ

N
(R) → S where S is an integral

domain. That is, K = kerα. Now,

∏

d N

Φd = uN − 1 = 0

...
∏

d N

α(Φd) = 0 ∈ S

Since S is an integral domain, α(Φd) = 0 for some d N . Hence, Φd ∈ kerα = K.

To prove minimality, let P be a prime ideal in (Φd), P ⊂ (Φd). By the first part, there exists Φm ∈P ⊂
(Φd). So, Φm = cΦd for some c ∈ circN(R). Let c(x) be the representer polynomial for c. Then, there exists
d(x) such that

Φm(x) = c(x)Φd(x) + d(x)
(

xN − 1
)

Now, Φd(x) xN − 1. Therefore, Φd(x) Φm(x). Since the cyclotomic polynomials are irreducible, this
is possible only if d = m. This implies Φd ∈ P which implies P = (Φd). �
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.. Corollary The only proper ideals of circ
N
(Q) are the principal ideals generated by products of

Φd where d N , and in particular, all prime ideals are cyclotomic.

Proof. By Corollary .., all ideals of circN(Q) are principal. All non-singular rational circulants are
units. Therefore, ideals of circN(Q) must consist of divisors of zero in circ

N
(Q), and so, by Corollary ..,

they must be generated by cyclotomic circulants. Since all ideals are principal, they must be generated by
products of cyclotomic circulants as stated. Lastly, it follows immediately that the prime ideals are of the
form (Φd). �

The following shows what kind of irreducibles are not primes.

.. Proposition If c ∈ circN(Z) is irreducible but not prime, then c is a member of a maximal ideal
which is non-principal, and (c) is not properly contained by any proper principal ideal.

Proof. Let c be irreducible but not prime. Since all maximal ideals are prime, (c) is not maximal. But,
by Proposition .., it is maximally principal. Hence, (c) must be contained in a non-principal ideal, and
is strictly contained in no proper principal ideal. By Corollary .., circ

N
(Z) is Noetherian, and so there

must be a maximal ideal containing (c) which must therefore be a non-principal maximal ideal. �

.. Examples In all these examples, q is a prime number.

(i) Let Lq := {a ∈ circN(Z) ` q λ0(a)}, and let L1 := {a ∈ circ
N
(Z) ` λ0(a) = 0}. One can easily see

that L1 and Lq are prime ideals, and indeed, they all contain the first cyclotomic circulant, u − 1. In fact,
L1 = (u− 1).

(ii) Now suppose that π is prime in Z(ζd) where d N , and define Lπ,d := {a ∈ circN(Z) ` π λN/d(a)}.
The ideal Lπ,d is obviously prime and contains Φd.

(iii) One might be tempted to think that (q) is a prime ideal in circ
N
(Z). It is not. Because suppose it

was. Then, by Proposition .., qa(u) = Φd for some polynomial a(x) of degree less than N . Therefore,
qa(x) = Φd(x) which is impossible for the monic polynomial Φd(x).

Therefore, (p) is not a prime ideal of circp(Z), but we shall show (Proposition ..) that p is never-
theless irreducible in circp(Z). This fact is easily demonstrated for p = 2.

.. Proposition 2 is irreducible in circ2(Z).
Proof. λ(2) = (2, 2). The only possible factorization excluding units is λ(2) = (2, 2) = (2, 1)(1, 2). But,
λ−1(2, 1) is not an integer circulant. �

Note that odd primes are reducible in circ2(Z) thus: 2n+1 = (n+1+nu)(n+1−nu). Hence, to within
units, 2 is the only irreducible scalar in circ2(Z).

As a consequence of Proposition .., it follows that circ2(Z) must contain a non-principal ideal. We
shall construct such an ideal after the next lemma, and we shall do so for general N afterwards.

.. Lemma Let a, b ∈ circN(Z). If a is irreducible, b ∈/ (a), and gcd (λ0(a), λ0(b)) > 1, then (a, b) is
non-principal.

Proof. Suppose first that (a, b) is the entire circulant ring. Then, in particular, ∃x, y ∈ circ
N
(Z) with

ax+ by = 1. Apply λ0. λ0(a)λ0(x) + λ0(b)λ0(y) = 1. This is impossible if gcd (λ0(a), λ0(b)) > 1. Therefore,
(a, b) is a proper ideal of circ

N
(Z).

Now suppose (a, b) = (c) for some c ∈ circN(Z). Then, a = xc for some x ∈ circN(Z). Since a is
irreducible, either x or c is a unit. But, if c is a unit then (a, b) = (c) is the entire circulant ring which was
shown impossible. Therefore, x is a unit, and (a) = (c). ... b ∈ (a). Contradiction. �

.. Proposition (2, 1−u) ⊂ circ2(Z) is a non-principal ideal.

Proof. Example ..(iii) shows that 1− u ∈/ (2). Now apply the lemma. �

We shall now demonstrate a non-principal ideal in the general case. To do so, we need a lemma on
cyclotomic integers. It expresses a rather surprising fact: p is not prime in Z(ζp). In fact, p is a (p − 1)th

power of a prime in Z(ζp).
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.. Lemma Let p ∈ Z be prime and let ζ = ζp. Then

(i) p factorizes in Z(ζ): p = v(1− ζ)p−1 where v is a unit of Z(ζ), and
(ii) (1− ζ) is a prime ideal of Z(ζ).
Proof. (i)

p =

(

p−1
∑

i=0

xi

)

x=1

= lim
x→1

(

xp − 1

x− 1

)

=

(

p−1
∏

i=1

(x− ζi)

)

x=1

=

p−1
∏

i=1

(1− ζi) (1)

We now claim that (1−ζi) = (1−ζ) for all i 6≡ 0 (mod p). Firstly, 1−ζi = (1−ζ)(1+ζ+ζ2+· · ·+ζi−1).
So, (1−ζi) ⊂ (1−ζ). However, we can apply the same argument with 1−ζi and 1−ζ reversed since ζ = (ζi)j

where j is the inverse of i (mod p). Hence, (1− ζi) = (1− ζ) as claimed.
Therefore, 1−ζi = vi(1−ζ) for some unit vi of Z(ζ). Substituting into (1) gives the desired factorization

of p. QED (i)

(ii) Lastly, we need to prove that (1− ζ) is prime in Z(ζ). From equation (1), Np(1− ζ) = p. Therefore,
the quotient ring Z(ζ)/(1 − ζ) has p elements and since 1 − ζ divides p, it must be a ring of characteristic
dividing p. Since p is prime, this means it is actually the field Zp. Therefore, (1− ζ) is maximal and hence
prime. �

.. Proposition Let p N . The ideal (p, Φp) is non-principal in circN(Z).
Proof. λ0(Φp) = λ0(p) = p. Therefore, all elements of (p,Φp) have their λ0 eigenvalue divisible by p. So,
(p,Φp) is a proper ideal.

Suppose (p,Φp) = (c) for some c∈circN(Z). Then, in particular, ∃x, y ∈circN(Z) such that xc = Φp and
yc = p. Since (Φp) is a prime ideal, Φp x or Φp c. But, if Φp c then c is a divisor of zero. Hence, so is
p = yc. Contradiction. Therefore, Φp x, and x = x1Φp, say.

... Φp(x1c− 1) = 0

... Φ̂p (x1c− 1)

where Φ̂p is the product of all cyclotomic circulants in circN(Z) not equal to Φp.

... x1c = 1 + kΦ̂p for some k ∈ circN(Z)

Now, Φ̂p(x) = (x− 1)
xN − 1

xp − 1

= (x− 1)
(

xp(m−1) + xp(m−2) + · · ·+ xp + 1
)

where m = N/p.

... λi(x1c) =

{

1 if m |/i
1 + (ζiN − 1)mκi if m i where κ = λ(k)

(2)

Therefore, if i = 0 or m |/ i then λi(c) is a unit of Z(ζ). Now suppose i = m, and let d = λm(c). If
d is a unit of Z(ζ) then all eigenvalues of c are units and so by Proposition .., c is a unit in circN(Z).
Contradiction. Therefore, d cannot be a unit of Z(ζ).

Now, yc = p. ... λm(y)λm(c) = p. ... p ∈ (d). By Lemma .., p equals a unit times (1− ζp)p−1.

... (1− ζp)p−1 ≡ 0 (mod d)

Equation (2) shows that d divides 1 + (ζmN − 1)mκm = 1 + (ζp − 1)mκm.

... (1− ζp)mκm ≡ 1 (mod d)

... (1− ζp)p−1mp−1κp−1m ≡ 1 (mod d)

... 0 ≡ 1 (mod d)

... 1 ∈ (d). Contradiction. �

Proposition .. can be used again to show that p is irreducible in circp(Z). First we need a lemma.

7
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.. Lemma In a ring R, if c ∈ R has a factorization c = π1π2 · · ·πm into primes of R then it is the
only factorization (to within units) of c into irreducibles.

Proof. Suppose c = p1p2 · · · pn where each pi is irreducible in R. Since π1 is prime and divides p, pi = viπ1
for some i and for some vi ∈ R. But, pi is irreducible, so vi must be a unit. Cancel π1 on both sides of the
factorization. This leaves

m
∏

i=2

πi = vi
∏

j 6=i

pj

Now apply the same argument again to deduce that pj = vjπ2 for some j and some unit vj , and again
cancel π2 on both sides. Proceeding thus we will eventually cancel all factors of πi on the left side. What
remains on the right side therefore must be units. This shows that each pj must be an associate of some πi
and vice versa. �

In particular, this lemma shows that the factorization of p in Zζ as given by Lemma .. is unique.

Condensed Notation for Eigenvalues. When specifying eigenvalues of rational circulants, it unnec-
essary to specify all the eigenvalues, merely the set {λd ` d N}. All other eigenvalues are conjugates of
this basic set and can be deduced using the formula of Lemma ... When the circulant order is prime,
the basic set is merely two values, λ0 and λ1. We will need to consider possible values that eigenvalues can
assume, so our task will be greatly simplified if we consider only the basic set.

.. Definition Let N ≡ 0 < 1 < d1 < · · · < dn < N be the distinct divisors of N . For a ∈ circN(Q)
define λ̂ := (λ0, λ1, λd1 , . . . , λdn).

Thus, in the case of N = p prime, λ̂ : circp(Z)→ Z⊕ Zζ and is given by λ̂(a) := (λ0(a), λ1(a)).

.. Proposition If p is prime then it is irreducible in circp(Z).
Proof. Suppose a factorization of p in circp(Z) yields the factorization λ̂(p) = (σp, ξ)(σ, ξ−1p) where
σ = ±1 and ξ is a unit of Zζ . Applying Proposition .. to the first factor shows that `p(ξ) = 0. But this
is impossible for a unit. By Lemma ..(ii) and the previous lemma, the only possible factorizations of p
remaining are ones that yield

λ̂(p) = (σp, ξ(1− ζ)s)
(

σ, ξ−1(1− ζ)p−s−1
)

where again σ = ±1 and ξ is a unit of Zζ . Looking at the second factor, se see that `p(1 − ζ)p−s−1 = 0
unless s = p− 1 whereas `p(σ) = σ 6= 0. Therefore, s = p− 1.

... λ̂(p) = (σp, ξp)
(

σ, ξ−1
)

But, λ̂−1(σ, ξ−1) is a circulant unit. �

This proposition raises the question of what are the irreducible elements of circN(Z). We shall restrict
the discussion to N = p prime for simplicity.

.. Lemma Given any r ∈ Z∗p there exists a unit ξ ∈ Z(ζp) with `p(ξ) = r.

Proof. One such unit is

χr =
1− ζr

1− ζ
= 1 + ζ + ζ2 + · · ·+ ζr−1

To show that this is a unit, we shall construct its inverse. Let r̄ be the inverse of r in Zp, and let

χ̄r =
1− ζrr̄

1− ζr
= 1 + ζr + · · ·+ ζr(r̄−1)

8
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Now, rr̄ ≡ 1 (mod p), so ζrr̄ = 1. Therefore,

χrχ̄r =
1− ζr

1− ζ
1− ζ r̄r

1− ζr
= 1 �

. Factorizations. Let c ∈ circp(Z) and suppose that λ̂(c) = (n1n2, α1α2) where n1, n2 ∈ Z and

α1, α2 ∈Zζ . (Reminder: λ̂ is the eigenvalue condensed notation.) Consider the possible factorizations of λ̂(c)
into factors which involve only n1, n2, α1, α2, the units, σ, σ1 = ±1, and ξ, ξ1 ∈U (Zζ). The factorizations
are:

λ̂(c) = (σn1n2, ξ)(σ, ξ
−1α1α2) (i)

= (σn1, ξα1)(σn2, ξ
−1α2) (ii)

= (σn1, ξα2)(σn2, ξ
−1α1) (iii)

Factorization (i) is valid iff `p(ξ) = σn1n2 mod p iff `p(ξ)
−1`p(α1)`p(α2) = σ. There are similar

conditions for the other factorizations. Lemma .. shows that we can always pick the unit ξ to satisfy any
of these conditions provided no factor has a component whose `p value is zero but whose other component
has non-zero `p value. For the moment, we shall assume that `p(n1n2) is non-zero, so that all components
of all factors have non-zero `p value.

In this case, all of the above factors factorize again

(σn1n2, ξ) = (σσ1n1, ξ1)(σ1n2, ξ
−1
1 ξ)

(σ, ξ−1α1α2) = (σσ1, ξ1ξ
−1α1)(σ, ξ

−1
1 α2)

(σn1, ξα1) = (σσ1n1, ξξ1)(σ1, ξ
−1
1 α1)

and similarly for the other factors of (ii) and (iii).

Hence we see that all factorizations terminate in factors of the form (q, ξ) or (σ, π) where q is prime in
Z, and π is prime in Zζ . Furthermore, it does not matter how the factorization proceeds - - via (i), (ii), or
(iii) - -it will always end with these same end factors to within units. For instance, suppose q ≡ `p(ξ) where
ξ ∈U (Zζ)), then ξ = ηξq where η = ξξ−1q ∈U (Zζ), and (q, ξ) = (q, ξq)(1, η). The latter factor is a circulant
unit because η−1 ∈ Zζ and `p(η) = `p(ξ)`p(ξq)

−1 = 1 = `p(η
−1).

Hence, factorization is unique provided λ0(c) is not divisible by p, and provided factorization is unique
in Z, which it is, and in Zζ which it is for p < 23 (but not for p = 23).

.. Non-unique Factorization in circp(Z). Factorization is not unique in any circp(Z). For
consider the circulant c = (1− u)3 + p2Φp

λ̂(c) =
(

p3, (1− ζ)3
)

=
(

p2, 1− ζ
) (

p, (1− ζ)2
)

(irreducible factors)

= (p, 1− ζ)3 (irreducible factors)

The factor (p2, 1 − ζ) cannot be factored because the second component can only be factored into a
unit and an associate of 1− ζ, and the unit can only accompany a unit in the first component

So even if unique factorization holds in Zζ unique factorization in circp(Z) holds only for circulants

with λ0 not divisible by p. Suppose λ̂(c) = (n1n2, α1α2) where n1 ≡ 0, n2 6≡ 0 (mod p), `p(α1) = 0, and
`p(α2) 6= 0. Now, `p(α1) = 0 implies that p N (α1), and so 1− ζ N (α1). Since all conjugates of 1− ζ are
associates of it, it follows that 1 − ζ α1. By the method of §., we can extricate all components whose

norms are not divisible by p leaving a circulant c1 with λ̂(c) = (pr, (1− ζ)s) for some r, s > 0.

Sections . and .. has demonstrated the following.
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.. Theorem Let ζ = ζp where p is prime.

(i) The irreducible elements of circp(Z) are

θq := λ̂−1(q, ξq),

θ̃π := λ̂−1(1, ξππ),

ρn := λ̂−1 (pn, 1− ζ) ,
ρ̄n := λ̂−1(p, (1− ζ)n)

where q 6= p is a rational prime, π is irreducible in Zζ , π ∈/ (1− ζ), and ξq, ξπ ∈U (Zζ) with `p(ξq) = q mod p,
and `p(ξπ) = `p(π)

−1.

(ii) If Zζ has unique factorization, then c ∈ GL ∩ circp(Z) can be uniquely factorized (to within units)
into the form ξPr,st1t2 · · · tn where Pr,s = (pr, (1− ζ)s), ξ ∈U (Zζ), and ti are irreducibles with λ0(ti) 6≡
0 (mod p). �

.. Proposition The primes in circp(Z) are associates of irreducibles of the types θq or θ̃π.

Proof. Consider first an irreducible of the type θq. We claim that (θq) = Lq where Lq is the prime ideal

of Example .. (i). Trivially, (θq) ⊂ Lq. Suppose x ∈ Lq. Then, λ̂(x) = (nq, α). If x is non-singular then
(nq, α) can be factorized into (q, ξ) and other factors, and hence x ∈ (θq). Otherwise, if x is a divisor of zero,
then x = x1(1 − u) or x = x1φp. Since φp ∈/ Lq, and since Lq is a prime ideal, we can assume w.l.o.g. that

x = x1(1− u). RTP: 1− u ∈ (θq). Now, λ̂(1− u) = (0, 1− ζ) =
(

0, ξ−1q (1− ζ)
)

(q, ξq). QED Claim.

We can similarly prove that if π is prime in Zζ then θ̃π generates the ideal Lπ,p of Example ..(ii) and

this is a prime ideal. In this case, 1−u∈/ Lπ,p, and Φp ∈Lπ,p, and we get λ̂(Φp) = (p, 0) = (p, 0)(1, ξππ)∈(θ̃π).
�

.. Proposition The primes of circp(Z) generate maximal ideals.

Proof. Since Lq = (θq), and |∆(θq)| = q, a prime, by Corollary .., the quotient ring circp(Z)/(θq) is
isomorphic to the field Zq.

In the case of Lπ,p = (θ̃π), we must proceed differently since N (π), and hence
∣

∣

∣det(θ̃π)
∣

∣

∣, is not necessarily

prime. (It might be a prime power.) All prime ideals of algebraic extensions of the rationals are maximal
(see [Kap3]). Therefore, λ1 maps Lπ,p to a maximal ideal. Therefore, λ−11 (Lπ,p) is maximal in circp(Z).
Now, λ−11 (Lπ,p) = (θ̃π,Φp). But, as was shown in the proof of Proposition .., Φp ∈ Lπ,p. Therefore,

Lπ,p = (θ̃π,Φp) which is maximal. �

.. Corollary Elements of non-principal ideals in circp(Z) are not prime.

Proof. If a non-principal ideal contained a prime, it would contain the maximal ideal generated by the
prime. Contradiction. �

It follows from this corollary that if there is unique factorization in Zζ then all non-principal ideals
are contained in the prime ideal Lp. This ideal contains p which is irreducible but not prime. Hence, by
Proposition .., Lp is non-principal. In fact, Lp = (Φp, 1 − u). The quotient ring circp(Z)/Lp can easily
be seen isomorphic to Zp. Hence, Lp is maximal.

We shall return in the next section to the problem of finding the unit circulant group. So we shall end
this section with an application of some of the foregoing ideal theory to this quest.

.. Proposition Suppose that c is irreducible in circN(Z), and let C(x) be its representer polynomial.
For any k(x)∈Z[x], let P (x) = C(x)+k(x)(xN−1). Then, P (x) = V (x)Q(x) where V (u) is a unit of circ

N
(Z),

and Q(x) is irreducible in Z[x].
Proof. Let P (x) = Q1(x)Q2(x) · · ·Qn(x) be the prime factorization of P (x) in Z[x]. By the irreducibility
of P (u) = C(u) = c, we must have that Qi(u) is a unit for all i but one, i = 1, say. Setting V (x) =
Q2(x)Q3(x) · · ·Qn(x), and Q(x) = Q1(x) gives the desired conclusion. �
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Although the proposition is simple to prove, it has distinctly non-trivial consequences. For instance,
by picking an irreducible circulant with a non-zero scalar term, and by varying k(x), one gets either an
irreducible polynomial, or better, an irreducible polynomial and a non-trivial unit in circN(Z).

.. Example. Take N = 5 with the irreducible element θq, and for simplicity, take q ≡ 1 (mod 5).
Then, θq = 1+(q−1)δ̄5. Taking the smallest such, q = 11, and a simple polynomial for k(x) = x+1, we get

P (x) = (x+ 1)(x5 − 1) + 2x4 + 2x3 + 2x2 + 2x+ 2 + 1

= x6 + x5 + 2x4 + 2x3 + 2x2 + x+ 2

One can quickly verify that −ω is a root of P (x) where ω is as usual the third root of unity. Hence, the
6th primitive roots of unity are roots of P (x), and so x2 − x+ 1 must divide P (x). In fact,

P (x) = (x2 − x+ 1)(x4 + 2x3 + 3x2 + 3x+ 2)

It turns out that V (x) is the first factor. That is, v = V (u) = 1 − u + u2 is a unit of circ5(Z). This
is clearly a non-trivial unit, so, by Proposition .., we have shown that U (circ5(Z)) is infinite. From
the unit v, others can be derived through multiplications by the trivial units and applications of the νh
endomorphisms. For instance,

w := ν2(u
4V (u)) = −1 + u2 + u3

We have λ1(−1 + u2 + u3) = −ζ4(1 + ζ)2 which is a product of Kummer’s cyclotomic units.
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